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Etale Cohomology is a cohomology theory for schemes which plays an im-
portant role in algebraic geometry and number theory. In this seminar, we
will explore some concrete and useful computations of étale cohomology,
highlighting its intersection with other cohomology theories.

1 Introduction

Let X be a scheme, we define the small site of X, denoted X¢; as follows: Recall that
a map is said to be étale if it is flat and unramified at each point of X. We define the
category X¢; by:

— Objects of Xg; are étale X-schemes (schemes U such that ¢y : U — X is étale)

— Morphisms in Xg; are étale morhisms of X-schemes ¢ : U — V such that the
following commutes:

v—2 v
X
A presheaf (resp. a sheaf) on X will be called an étale presheaf (resp. étale sheaf).
Etale presheaves (resp. étale sheaf) on the small site of X form the category PShg (X)
(resp. Shet (X))
Now for all U € X4, f: X — Y a morphism of schemes, the functors
(U, ") : Shgt(X) — Ab (1)
(U, f«(+)) : Shgt(X) — Ab (2)

are left exact. Since Shg(X) is abelian and has enough injectives, one defines for ¢ > 0
their right derived functors

F s RIT(U, F) =: HY,(U, F)
F s RID(U, f.F) = HY(U x Y, F)
X
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Definition 1.1. Let g > 0. We define the q-th étale cohomology group of an étale
sheaf F to be the q-th derived functor

F— H(X,F)

Similarly, we define the g-th higher direct image of an étale sheaf G to be q-the derived
functor

G RIf.G
associated to the presheaf

F— HL(U X Y,G)
X

Let X be a scheme and U : {u; — U} be an étale covering in X¢. For any sheaf
F € Shgt(X), one has the following biregular spectral sequences

Leray : EY? = HY(Y,R7f.F) = HY (X, F) (3)

Cech-to-derived functor : EY? = HP(Y,H(G)) = HY (X, G) (4)

Where H9(G) : U — HI(U,G).

Definition 1.2. Let X be a scheme. A sheaf F € Shgt(X) is said to be flasque if for
all étale coveringU : {u; — U} in X, one has

H'(U,F)=0

2 Properties of étale cohomology

Let X be a scheme, in this section we will prove some basic properties of étale coho-
mology, in particular, we will prove that for a finite morphism of schemes, the higher
direct images vanish.

Proposition 2.1. Let f : X — Y be a finite, radicial and surjective morphism of
schemes. Then one has

VG € Shét(y) Hgt(K g) = Hgt(va*g)

Proof. we know that, since f is finite, one has for each y € Y

(fFw= P F

z€X ® k(y)
Oy

Since f is radicial, X ® k(y) consist only of one point. Let F € She(X), then one has
Oy

[ (fF)g = [ Fz=Fra
= P fF2F
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Moreover, one gets even an equivalence of categories between Shg(X) and She(Y)
(see [Full][5.3.10]). In particular, since f, is exact:

E2, = HYM(Y,RIf,F)=0 VYgq>1

Hence,
HE(Y, £.G) = HE(X,G) VG € Shg(X)

In particular, for G = f*F
HL(Y,F) = HL(Y, f.(f*F)) = H, (X, f*F)
O

As a first consequence of this result, we can examine some useful restrictions while
computing the cohomology:

Corollary 2.2. (i) Let X be a scheme, then for any sheaf F € Shg(X)
Hgt(X’ ]:) = Hgt(XTed?‘F|Xred)

(ii) Let X be a scheme over a field K, and let L be a purely inseparable extension of
K. Then for any sheaf F € She(X)

Hgt(ij:) = Hgt(X K L"F|X®KL)

Proof. (i) consider the map f : X,.q — X, for simplicity, we restrict to the affine
case, then we globalize it to the general one. Suppose X is affine, and consider
the following commutative diagram for any open affine U = Spec(A)

Xred X

f~1(U) = Spec (A/Nil(A)) —— U = Spec(A)
Clearly, as f is a closed immersion, it is finite and surjective, in order to show

that it is radicial, consider the following diagram, where K is an algebraically
closed field:

Xrea(K) X(K)
|

Hom(Spec(K), X,eq) —— Hom(Spec(K), X)

This comes form the universal property of reduction: In the affine case always,
for X = Spec(A); a map a € Hom(A, K) factors uniquely into

A 3!
A—>Ared: /NZZ(A)—)K

As Nil(A) C ker(a)
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(ii) Consider the commutative diagram

XoxlL —— X

Lo
Spec(L) —— Spec(K)

Clearly, f is surjective, and finite since L/K is finite. The fact that it is radicial
is a direct consequence of the following characterization: a morphf is radicial if
and only if it is injective, and for any x € X, the residue field k(z) of X at x is a
purely inseparable algebraic extension of the residue field k(f(x)) of Y at f(x).
(See [Full][1.7.1]).

O

Proposition 2.3. Let A be a strict Henselian local ring, X = Spec(A). Then for any
sheaf F € She(X)

Proof. This is due to the fact that I'( X, -) is exact. Indeed, I'(Spec(A), F) = F, where
s is the closed point of X, and the stalk functor is exact. O]

As a final result, we show the vanishing of the higher direct images of étale sheaves,
under a finite morphism.

Proposition 2.4. Let f : X — Y be a finite morphism of schemes, and F an étale
sheaf over X. Then one has

e RIf,F=0 Vg>1
s Hgt(Y,f*]—') gHgt(Xv]:) Vg >0

Proof. Since f, is exact, R?f.F = 0 and by the Leray spectral sequence (3]

Byt = HE,(Y, f.F) = Hi (X, F)
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Figure 1: A Zariski-étale meme
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Let X be a scheme, and Xz, the site induced by the Zariski topology. In this
section we want to compare the cohomology on the étale and Zarisky sites, and by
‘comparing’ we concretely want to define pullback and pushforward functors between
the categories Xg and Xz,-. We start from the continuous map of Grothendieck
topologies

i Xat — Xzar
iNU Lale, X) +— U Open
As a first intuition, we define pushforwards as simply ’the restriction’ from the étale

to the Zariski topology, i.e
ixF U= FU)

where U is a Zariski open and F an étale sheaf on X. This defines a ‘Zariski’ sheaf
i«F. For the opposite direction, one might suspect that (étale) sheafification will be
needed. Indeed, we define pullbacks as the étale sheaf associated to the presheaf

PG (U i} X)— lim G(V)=G(f(V))
‘ F)cv T

(Since étale maps are also open)

where V' is an open and G a sheaf on X. This defines an étale sheaf i*G and one gets
a bijection
Hom(G, i, F) = Hom(i*G, F)

S0 i, is right adjoint to ¢*. Moreover, i* is exact as it commutes with finite limits and
finite fibre products. Sheafification yields a natural map on global sections F(X) —
i*F(X), and by exactness of i, one obtains a (d-functorial) map between cohomologies

o (X, F) = Hg(X, 1" F) ()

Intuitively, as the étale topology is finer than the Zariski one, one does not expect
the map in to be an isomorphism. However, we will see that in some particular
conditions, one can make this happen.

3.1 Cohomology of étale sheaves associated to quasi-coherent modules

Let F be a Zariski sheaf, that is a quasi coherent &x-module. We define Fg; to be
the étale sheaf
(U lt> X) = T(U,7*F)
e

Theorem 3.1. Let X be a scheme, 4 o quasi coherent Ox-module. Then one has

Hq

Zar

(Xa %) = Hgt(Xa %et)
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Remark 3.2. Before proving this result, we need to make few things clear. What we
implicitly do is that we use a sightly different version of i*F, which is an Ox-module
version of the morphism in (@ Explicitly, for the Ox-module F, the structure sheaf
on the étale site Ox,,(U) := Oy (U) yields a map of rings Ox — i,0x., on the site
Xzar- By adjunction, i*Ox,, — Ox yields a flat map on stalks

Oxo— Oxz = Ox

ét,T

where 5)(&,5 is the strict Henselisation of the local ring Ox 5 at a geometric point T
(For more details, see [Fulll[5.3]). We thus obtain that

.Fét = ﬁxéti*ﬁxi*]"
®

and thus, the morphism in (@ becomes
H}a'r(X?]:) - He.t(Xal*]:) — He’t(ij:ét)

Proof of Theorem 3.1. Let i : X¢g — Xz4r, and consider the biregular spectral se-
quence
EY? = HY (X, RYi.Ms) = HETY(X, M)

To show that the edge map

H o (X, M) = Hy (X, M) (6)
is an isomorphism, it suffices to show that R%.(.#¢) = 0for all ¢ > 1. As R%. (M) is
the sheaf associated to the presheaf U — HY, (U, #) for U C X open, it is sufficient
to show that HY,(U, #¢) = 0 for all ¢ > 1, affine scheme U and quasi-coherent
Oy-module .#. We proceed by induction on q.

— For ¢ = 1: M is flasque over X2
It suffices to check flasquness on finite covers. Let U := {U; — Uliesr be
an étale covering. Checking flasqueness on U is equivalent to checking it on

{I1U; — U}icr, which is again equivalent to checking it on {V — U} where
V' — U is affine, faithfully flat. We make use of the following lemma:

Lemma 3.3 ([Full] Lemma (5.7.6)). Let A — B be a faithfully flat ring ho-

momorphism, M be an A-module. Then the sequence

0 MEL MesB Y MosBoaB MosBoiaBoaB 2 . (7)

is exact, where

n+1
dn:x®b0®...®bn%Z(—l)%@b()@...@bi,l@l@...®bn.

i=1
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Now, note that

AU, Me) 2 imBYU, Mer) =0 Vg > 1 (8)

—
u

as the Cech complexe here is nothing but . Thus, by the Cech-to-derived
functor spectral sequence , one has a canonical isomorphism

Hy(U, Mer) = H (U, M) = 0
— For ¢ > 1: Suppose HZ (U, M) for all 1 <n < gq.

Consider once again, the biregular spectral sequence

EY = WP (U, HY (M) = HE (U, Mer))

One has . )
HP(U, HY (M) = lii)an(u,%ét)
u
where U := {U; — U}ies is an étale covering, U; affine and I finite. Each
Ui, .4, =U;y x...x U, is affine, hence
U U

HY (M) Uiy, i) = Hiy(Usy iy, Mer)) =0 Vn <gq
Therefor H? (U, H™ (M) = 0 and E5™ = 0 for all n < g and any p. In particular
;" = Hyy (U, M)
and one the an exact sequence

0— By — BT — HITNU, My) — BT — L
I |
0 HO(U, HIH (M e)) = 0

Thus
HYTNU, M) = BFTH = BN U, M) =0 (by §))

Remark 3.4. Note that, if the scheme X is affine, one has

Hgt(X7 '/lét) = H%ar(X7 %) =0
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3.2 First degree cohomology

Let X be a scheme, Pic(X) is the group formed out of equivalence classes of invertible
sheaves, and is canonically isomorphic to Hy (X, 0%) ([Fu06], Corollary (2.3.12)).
We will see in this subsection that the Zariski topology is fine enough to compute the
first degree cohomology.

Theorem 3.5. Let X be a scheme, and let O be the étale sheaf defined by U > O (U)
for allU € Xg. Then one has

H(X,0%,) = Hy, (X, 0%) = Pic(X).
Proof. Consider i : X¢; — Xz4-. As done in the proof of theorem , one brings up
the Leray biregular spectral sequence once again

Hy,,(X,R%.0%,) = H}™(X,0%,,)
This induces the exact sequence for the low-degree terms
0— By° — HL(U,0%,) — BEy' — ...
| |
Hy,, (X, 0%) Hy,,(X,R'i.0%,)

Thus it suffices to show that Rli*ﬁ;(ét =0, i.e. for all z € X the stalks
(R'i.0%,)z =0

As Rli*ﬁ)x(ét is the sheaf associated to the presehaf U — H}, (U, ﬁ’)x(ét ), it is equivalent
to showing that HZ (V, ﬁ)xfét) = 0 on stalks, i.e. for all x € X,

lim H}, (U, 0%,,) = lim Hy, (U, 6%,
xeU zeU
— 1 7l . X =
VCU

for every étale covering U : {U; — U} in X¢g. Therefor, we can assume that U =
Spec(A) is affine, the U; are affine, I is finite and A = Ox, is a local ring. Let
V = Spec(B), then as seen before, one gets a faitfully flat homomorphism A — B,
and the Cech complexe

05BEY BouB* BesBosaB S BesBosBos B2 .

Now let |v] be a class represented by the 1-cocycle v € (B ® 4 B)*. This yields an
isomorphism ¢ : B ®4 B = B ®4 B which fulfills the co-cycle condition. By descent
theory, there exists a finitely generated and flat A-module M such that

BaM=B
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(since the B-module B is also flat and finitely generated). Since A is local, M is a
free A-module of rank 1 and M = A. By flat descent again, ¢ must come from the
B ® 4 B-module isomorphism

B4B®4B 3 BsBR4sB

and thus the associated 1-cocycle is trivial. Hence our Cech is a co-boundary and the
claim follows. O

4 étale cohomology of fields.

Let k£ be a field, and ks be a separable closure of k. This defines a geometric point
s : Spec(ks) — Spec(k). We set Gy := Gal (ké/k) Given a sheaf F on Spec(k)¢t,
one has

Fs= lim F(Spec(k') (See [Tam94][p116-118])

ko|k'|k
k’|k finite, galois

We will show in this section that the étale cohomology over Spec(k) is nothing else but
the classical Galois cohomology. This provides an alternative way to compute group
cohomology of discrete G-modules. But first, we recall some facts about Galois theory:

4.1 preliminaries on Galois theory

Let X be a scheme. We define a (left) action of Gy on X (ky) := Homy(Spec(ks), X)
by (¢, f) — fop, for every p € Gy and every f € X(ks) (On the topological spaces
elements of Gy, just send a point to itself). We recall the well known following facts:

— G}, is a profinite group, i.e a projective limit of finite groups

/
Go=  lm Ga(V/y)
ks|K |k
k’|k finite, galois

— For an open subgroup G; < Gy one has X (k)% = X (k%¢). Morover one has a
decomposition

X(ks)= J] Xk

Gi<Gg

and Gy, acts continuously on X (k).
— A Gj-set M is called discrete if for all m € M, Stabg, (m) is open.

— For an étale Spec(k)-scehem Y, one has the decomposition

Y = H Spec(k;)  where ki / i are finite, separable field extensions. (9)
i€l
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4.2 Galois-étale cohomology

Let k be a field, k; its separable closure and s be the corresponding geometric point.
We are now ready to prove the main theorem of this section, relating étale cohomology
over Spec(k) and Galois cohomology.

Theorem 4.1. Under the notations above, the functor F — Fy induces an equivalence
of categories
Spec(k)ét — Gg Mod

Moreover, one has for all q
/
HY, (Spec(k), F) = HY(Gal (*1/,), 7,)

In order to prove this result we will proceed as follows:
Step 1: One has an equivalence of categories given by:
Spec(k)sr —> Gp-Sets
X+ X (k)
H Spec(kS1) Y,
il

Proof. We first show that our maps are well defined. It is clear that ¢ is. For a
discrete G, set M, then one has a G-orbit decomposition

M%HMZ»

il
Since Gy, is profinite, the open sets G; = Stabg, (m;) < G} are closed and of

finite index, for all m; € M. By (infinite) Galois theory, one gets that kS /k are
finite and separable field extensions, hence the morphisms

@i : Spec(k) — Spec(kfi)

are unramified. They are clearly flat as well, hence étale (over k). As Spec(k)egt
has arbitrary coproducts, ¢ = |J¢; is étale (over k). Moreover one can easily
show that ¢ does not depend on the choice of the points in the orbits: indeed, a
choice of a different point in M; is the same as substituting the field extensions
k& with one of its G-conjugates, thus one is done by passing to spectra.

Now we need to show that ¢ and ¢ are quasi inverses of each others. Let X be
an étale k-scheme. By (9)

X = H Spec(k;) where ki / i are finite, separable field extensions.
icl
Now, fixing a separable closure ks on has

$(X) = X (k) = (] Spec(ki))(ks) = [T Spec(ki) (k)

el icl
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Now, fori € I
Spec(k;)(ks) = Homy (k;, ks)

and Gy acts transitively on Homy(k;, ks) by permutating the k; < ks. Thus,
¢ o ¢(X) corresponds to the étale k-scheme

[ Spec(x$)

iel
where G; = Stabg, (fi), fi a chosen point in Spec(k;)(ks). But clearly, G; is
also the stabiliser of the action on Gy i.e. G; = Gal (’f / k) Finally, kG¢ =

G k/k) — ko and one has pop(X)=X.
The opposite direction is clear since ¢ commutes with coproducts. O

Remark 4.2. One actually has to show slightly more here, namely that the
equivalence above induces an isomorphism of sites

Spec(k)er = Ta,

Where Tg, 1is the canonical site on the category Gy-Sets. This boils down essen-
tially to showing that

— The following is a pulback diagram in Gy-Sets: Given maps (X ER Z) and
(Y 2 Z) in Spec(k)e

q2

X(ks) ><Z(ks) Y(ks)

X xzY(ks) 225 Y(ks)
pT1 9(}98)

X (ks) TR Z(ks)

— For all covering {U; — U} one has a covering {p(U;) — ¢(U)} in Spec(k)et.
This comes from essential surjectivity and full faithfullnes of ¢.

Step 2: one has the following equivalence of categories between discrete G-modules and
sheaves of abelian groups on the site 7¢, , given by:

Shap(Ta,) = ¢, Mod¥s (10)

F o lim F(Gy/Gi)
GGy
open

Homeg, (-, M) Vs
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Proof. This comes actually from a more general result:

Proposition 4.3 ([Tam94] Prop (1.3.3.1) or [Janl5] Theorem (8.7)). Let G be
a profinite group. Then the following functors yield an equivalence of categories

Sh(Tg,) — G-Sets
F 5 lim F(Gr/G)

GGy
open

Home, (-, M) <2+ M

In particular, by Step 1, we get an equivalence
Shab(Spec(k)) = @, Mod¥*°
And by the first results of section 4.1
Homa, (C%/ s X (k,)) = X (k)% = X(KE) = Homyx,, (Spec(kS*, X)
This induces the equivalence of categories
Sheb(Spec(k)) = @, Mod =
F— Fs= lim F(Spec(k')

ko|k'|k
k’|k finite, galois

MO M
where s : Spec(ks) — Spec(k).

Step 3: For every (abelian) sheaf F on Spec(k)s; and every g > 0 we have a (§ -functorial)
isomorphism
H{,(Spec(k), F) = HY(Gy, lim F(Spec(k’))
k/

Proof. Let F be an (abelian) sheaf on the site Spec(k)et, corresponding to the
Gi-module M = F, via . Then one has

I'(Spec(k), Homg, (-, M)) = HomShZf(Spec(k)) (hSpCC(k)’ Homg, (-, M))
>~ Homg, ({*}, M) = MC*
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where hgpec(r) = Homgpec(r).,, (-, Spec(k)). Thus we get

HY,(Spec(k), F) = RIM* = HI({+},F') (where F' corresponds to F under (10))
= H({+},Homg, (-, M))

> H(Gy, M) = H | Gy, lim F'(Gi/G;)

GGy
open
=~ HY | Gy, lim F(Spec(k"))
koK' |k
k'|k finite, galois

>~ HY(Gy, Fs)-
O

Finally, we end this section by presenting a nice application of what we have done so
far, which is considered to be one of the main results in classical Galois Cohomology.

Corollary 4.4 (Hilbert 90). Let k be a field, then one has
HY(Gal(Fs /), k%) = 0
Proof. By theorem ([{.1)), for every (abelian) sheaf F on Spec(k)e
/
1Y (Spec(k), F) = H(Gal (/) )

Now let X be an étale scheme consider the presheaf G := 0% : X — 0% (X). Then

G =Homx,, (-,X x SpecZ[T, T~
Spec(Z)

Hence G € She(X)® and for X = Spec(k) we get

G~ hm o OSpeck)) = lm 0% (Speclk)
koK' |k koK' |k
k’|k finite, galois k’|k finite, galois
—  lim K=k
—
ko|K' |k

k’|k finite, galois
thus

Hl(Gka k:) = Hl(Glm (ﬁsxpec(k,))s) = Hét (Spec(k:), ﬁsxpec(k)ét>

~HL.. (Spec(kz), ﬁsxpec(k:)> by Theorem ({3.1)
& Pic(Spec(k)) =0
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The last assertion comes from the following: Let F be an invertible sheaf on X = Spec(k),
and let G be the Ox-module such that F ®g, G = Ox. Then the last assertion is
equivalent to proving that F = Ox. We do that on the stalks (well, stalk here since
we have only one point)

j—'.x ®ﬁx,m gz = (-7:®ﬁx g)m = ﬁX,z =k

Hence F, = k and we are done. O
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